Abstract. Let G be a torsion-free discrete group acting cocompactly on a two dimensional euclidean building D. The centralizer of an element of G is either a Bieberbach group or is described by a finite graph of finite cyclic groups. Explicit examples are computed, with D of typeÃ A 2 .
Introduction
Let G be a torsion-free discrete group which acts cocompactly on a 2-dimensional euclidean building D [3, 5, 10] . For example, G may be any torsion-free lattice in PGL 3 ðFÞ, where F is a non-archimedean local field. In that case G acts cocompactly on the Bruhat-Tits building D of PGL 3 ðFÞ. The building D is considered as a geodesic metric space [3, Chapter VI.3] and is a union of apartments which are isometric to the euclidean plane. Define the translation length of an element g A G to be jgj ¼ inf x A D dðg:x; xÞ, and let MinðgÞ ¼ fx A D : dðg:x; xÞ ¼ jgjg:
An element g A G is hyperbolic if jgj > 0 and MinðgÞ is non-empty. Since G is torsionfree, all non-trivial elements of G are hyperbolic and G acts freely on D. Each element g A G À f1g has at least one geodesic line l in D (called an axis for g) upon which g acts by translation. The axes of g are parallel to each other and their union is the convex set MinðgÞ [2, Theorem II. 6.8 ]. An axis l for g will always be oriented in the direction of translation by g, which will be called the positive direction. A non-trivial element g A G is said to be regular if no axis of g is parallel to a wall of D; otherwise g is said to be irregular. If g is regular then every axis of g is contained in a unique apartment, as illustrated in Figure 1 .
The main result of this article concerns the structure of centralizers.
Theorem 1.1. With the above hypotheses, let g A G À f1g and let Z G ðgÞ denote the centralizer of g in G.
(i) If g has only one axis then Z G ðgÞ G Z.
(ii) If g has more than one axis then one of the following is true. If g is regular then Z G ðgÞ is a Bieberbach group in two dimensions. If g is irregular then Z G ðgÞ=hgi is the fundamental group of a finite graph of finite cyclic groups.
The principal aim of this article is to show how to compute centralizers explicitly. This is done in Section 4 below in theÃ A 2 case. General results on the structure of centralizers in semihyperbolic groups are to be found in [1, Section 7] , [2, III.4] .
In the non-exotic case, where the building is associated to a linear algebraic group of which G is a subgroup, the current results can be deduced and interpreted using matrices. All locally finite euclidean buildings of dimension d 3 are associated to linear algebraic groups, and, up to a point, this justifies the restriction to two-dimensional buildings in the present article.
Background
Since GnD is compact, D is uniformly locally finite, in the sense that there exists q d 2 such that any edge of D lies on at most q þ 1 triangles. If D is of typeÃ A 2 then every edge of D lies on exactly q þ 1 triangles. This follows from the facts that the link of a vertex in a building of typeÃ A 2 is a generalized 3-gon [10, Chapter 3.2] , and all vertices in a thick generalized 3-gon have the same valency [10, Proposition (3. 3)]. The figures below relate to buildings of typeÃ A 2 , in which apartments are euclidean planes tessellated by equilateral triangles.
The main result is based on the observation that if g; h A AutðDÞ commute, then h leaves MinðgÞ invariant and h maps each axis of g to an axis of g [2, Theorem II.6.8].
Lemma 2.1. If an element g A G À f1g has only one axis then Z G ðgÞ G Z.
Proof. If g has only one axis l then MinðgÞ ¼ l and so Z G ðgÞ acts freely by translation on l. Therefore Z G ðgÞ ¼ Z. r This proves Theorem 1.1(i). It is now only necessary to consider elements with more than one axis. The next result proves the first part of Theorem 1.1(ii). Proof. Let l be an axis for g. Then l is not parallel to any wall and lies in a unique apartment A of D, which is g-invariant, since l is. Any other axis l 0 for g is parallel to l and therefore lies in a common apartment with l. However l 0 also lies in a unique apartment, namely A. Thus MinðgÞ J A. Now since g has more than one axis, g acts by translation (rather than glide reflection) on A, and any geodesic in A which is parallel to l is an axis for g. Thus MinðgÞ ¼ A and Z G ðgÞ leaves A invariant.
We claim that Z G ðgÞ acts cocompactly on A. Choose a point x on l and a geodesic p 0 l in A passing through x. Let D H D be a compact fundamental domain for G containing x, and choose x n A p, n A f1; 2; . . . ; g such that distðx n ; xÞ d 2n:diamðDÞ. Let l n be the geodesic in A passing through x n and parallel to l. Then l n is an axis for g, since g acts by translation on A in the direction of l. Choose g n A G such that g n x n A D. The geodesic g n l n passes through D and is an axis for g n gg
À1
n . The displacement of g n x n by g n gg
n is equal to the displacement of x by g and each g n x n lies in D. Since G is discrete, there are infinitely many pairs m 0 n such that g m gg
n . Choose such a pair. Then h ¼ g À1 m g n A Z G ðgÞ and so h leaves A invariant. By considering h 2 if necessary, we may assume that h is a translation rather than a glide reflection of A and h moves x away from D. Thus the subgroup of Z G ðgÞ generated by g and h acts cocompactly on A. It follows that Z G ðgÞ is a Bieberbach group in two dimensions. r Definition 2.3. A strip in D is the convex hull of two parallel walls of D which contains no other wall of D (and so is of minimal width). Recall that a wall in D is a geodesic in the 1-skeleton of an apartment which is fixed pointwise by a reflection in the associated euclidean Coxeter group. If g A G À f1g then an axial wall for g is a wall of D which is also an axis for g. Lemma 2.4. Let g A G À f1g be an irregular element, with more than one axis. Then any axis l for g is either an axial wall or lies in the interior of a unique strip bounded by two axial walls.
Proof. Suppose that l is an axis for g which is not a wall of D. Let S be the unique strip containing l. Since g has more than one axis and MinðgÞ is convex, S must contain an axis l 0 for g which is neither a wall nor the median line of S. Let l 0 be the unique wall parallel to l 0 at minimal distance d to l 0 . Since g is an isometry, it must map l 0 to a parallel wall g:l 0 , also at distance d to l 0 . By uniqueness, l 0 ¼ g:l 0 , and l 0 is an axis of g. Finally, the edge l 1 of S opposite to l 0 is also an axis of g. r
The preceding argument shows that, if an irregular element g A G has only one axis l, then l is either a median line or a wall. Definition 2.5. Suppose that the element g A G À f1g is irregular with more than one axis. Define a graph T g as follows. A vertex l of T g is an axial wall of g. There is an edge ½l 1 ; l 2 between two such vertices if l 1 , l 2 are the boundary walls of a common strip.
Lemma 2.6. Under the above hypotheses, the graph T g is a tree.
Proof. If l, l 0 are axial walls of g, then their convex hull convðl; l 0 Þ is a convex subset of an apartment of D, which is the union of n contiguous parallel strips. This defines a path of length n in T g from l to l 0 . The path is unique, since D is two dimensional and contractible [10 Lemma 2.7. The group G ¼ Z G ðgÞ=hgi acts on the tree T g .
Proof.
Since each element of Z G ðgÞ maps axes of g to axes of g, the group Z G ðgÞ acts on T g . Also the cyclic group hgi fixes each vertex of T g , since each axis is g-invariant. r Remark 2.8. The action of G on T g may have inversion. In order to obtain an action without inversion, each geometric edge which is stabilized by a non-trivial element of G is divided into two by inserting a vertex l Ã at its midpoint. Then G acts without inversion of the resulting tree T Ã g . The full barycentric subdivision of T g would be a good alternative to T Ã g , but we have chosen to minimize the number of additional vertices in order to simplify the graphs for the explicit examples below.
Remark 2.9. Any strip containing an axial wall l is completely determined by l and a single triangle in the strip which contains a fixed edge of l. Since there are at most q þ 1 such triangles, each vertex of the tree T g has valency at most q þ 1. Recall that our axes are always oriented. Proof. Recall that g acts by translation by the same distance on each of the axes. In order to prove the non-trivial implication, let g A G with gl ¼ l 0 . We claim that g A Z G ðgÞ. If v A l then gv A l 0 and g½v; gv ¼ ½gv; ggv. Therefore gðgvÞ ¼ gðgvÞ. Since G acts freely on D, gg ¼ gg. r Lemma 2.12. Let g A G À f1g. Then the set of Z G ðgÞ-orbits of axial walls for g is finite.
Proof. Since g acts on each axis by translation of distance jgj, the axis is determined by a segment of length jgj. Since G acts cocompactly, every segment of length jgj can be translated by some element h A G to some segment belonging to a certain finite set. Each segment in the finite set generates an axial wall for some conjugate of g. So, further translating by one of a finite number of elements k A G, we obtain one of a finite number of segments generating axial walls for g itself. According to Lemma 2.11, the elements hk lie in Z G ðgÞ. r Lemma 2.13. Let g A G À f1g and let l be an axis for g. Then the stabilizer SðlÞ of l in Z G ðgÞ is a cyclic group. If SðlÞ is non-trivial then it is generated by an element of minimal positive translation length.
Proof. Each element z of SðlÞ acts upon the oriented axis l by a translation of signed distance rðzÞ ¼ Gjzj. The map z 7 ! rðzÞ is a homomorphism from SðlÞ into R, which is injective since G acts freely on D. The set fjxj : x A Gg of translation lengths of elements of G is discrete. Therefore the map z 7 ! rðzÞ is an isomorphism from SðlÞ onto a discrete subgroup of R. The result follows. r
The graph of groups and proof of the main theorem
The results of the previous section show that G ¼ Z G ðgÞ=hgi acts without inversion on the tree T ¼ T Ã g . Recall the construction of the corresponding graph of groups. Since G acts without inversion, we can choose an orientation on the edges which is invariant under G [12, I.3.1]. This orientation consists of a partition of the set of edges and a bijective involution e 7 ! e which interchanges the two components. Each directed edge e has an initial vertex oðeÞ and a terminal vertex tðeÞ such that oðeÞ ¼ tðeÞ. The quotient graph X ¼ GnT has vertex set V and directed edge set E. There is an induced involution e 7 ! e : E ! E and there are maps o; t : E ! V with oðeÞ ¼ tðeÞ.
Choose a maximal tree T in X , and a lifting s : T ! T to a subtree of T. For each v A V , let G v be the stabilizer of sðvÞ in G. If e is an edge of T, define G e ¼ G e to be the stabilizer of sðeÞ in G and define j e : G e ! G tðeÞ to be the inclusion map.
For each e A E þ À T, define sðeÞ to be the directed edge of T lying over e and with oðsðeÞÞ ¼ sðoðeÞÞ, and define G e to be the stabilizer of sðeÞ. We take j e to be the inclusion map, but as sðeÞ 0 sðeÞ, we choose g e A G with g e ðsðeÞÞ ¼ sðeÞ. Then j e is defined as conjugation by g e . Now ðX ; GÞ is a graph of groups in the sense of [12, I.5] . By Bass-Serre theory [12, I.5.4], G is isomorphic to the fundamental group p 1 ðX ; GÞ, which is generated by the groups G v and the elements g e subject to the following relations, for e A E.
e ¼ j e ðxÞ, x A G e . The next result, which is an immediate consequence of the definitions, is useful in computing the fundamental group in the examples of the next section.
Lemma 3.1. If j e is surjective then g e G tðeÞ g À1 e J G oðeÞ . In particular, if e A T, then G tðeÞ J G oðeÞ .
Proof of Theorem 1.1. This follows from the results of the previous section. The graph X has finitely many vertices by Lemma 2.12, and finitely many edges by Remark 2.9. The stabilizer in G of any vertex of T is a finite cyclic group by Lemma 2.13. The same is true of edge stabilizers, since they are subgroups of vertex stabilizers. r
Examples in anÃ A 2 group
A class of groups which act regularly on the vertices of a building of typeÃ A 2 has been studied in [4] . Consider the group C.1 of [4] . This group was originally defined in [9] ; see also [7, Theorem 2.2.1], [6] . It is a torsion-free lattice in PGL 3 ðQ 2 Þ, with seven generators x 0 ; x 1 ; . . . ; x 6 and seven relators
The 1-skeleton of the Bruhat-Tits building D of PGL 3 ðQ 2 Þ is the Cayley graph of G relative to this set of generators. Vertices in D are identified with elements of G and the directed edge ½a; ax, where a A G, is labelled by the generator x. To facilitate computations, it is convenient to tabulate, for each i, the values of j for which there is a relation of the form x i x j x k ¼ 1. 4.1 Example: the tree T* g for g F x 0 x 5 . The element g has an axis l passing through 1; g; g 2 ; . . . , and g acts on l by translation of distance jgj ¼ 2. We seek all possible axial walls for g which are neighbours of l. By Remark 2.10, any strip containing l and another axial wall must have periodic labelling of period 2. The entire strip is completely determined by l and a single triangle containing a fixed edge of l. Therefore there are at most three such strips. In fact, there are exactly three, corresponding to three edges in T g joining l to vertices l 1 , l 2 , l 3 . The three cases are illustrated on the left of Figure 3 , where the edge label j stands for the generator x j . The stabilizer in Z G ðgÞ of each strip is the subgroup hgi, and this acts upon the strip by translation. In each case, a fundamental domain for this action is shaded.
Continuing to extend the tree, it turns out that there is only one further edge emanating from l 3 to a vertex l 4 as illustrated on the right of Figure 3 . As indicated by Figure 3. their edge labels, l 3 , l 4 are in the same G-orbit, hence in the same Z G ðgÞ-orbit, by Lemma 2.11. The element x À1 3 x 0 x 3 acts with inversion on the edge ½l 3 ; l 4 of T g , since it acts by glide reflection on the corresponding strip, in which a fundamental domain is shaded. We therefore divide ½l 3 ; l 4 in two by inserting a vertex l Continue to build the tree T Ã g , adding vertices l 5 , l 6 , l 7 (as in Figure 4 ), noting that l 6 , l 7 are in the same Z G ðgÞ-orbit, by Lemma 2.11. The action of G ¼ Z G ðgÞ=hgi on T Ã g is described by the quotient graph of groups in Figure 5 . The vertices of the quotient graph GnT Figure 5 , except where they are trivial. For example, attached to the vertex ð2Þ is the group Sðl 1 Þ=hgi ¼ hx À1 6 x 2 x 6 i=hgi G Z=2Z. Computing the fundamental group of this graph of groups as described in Section 3, using Lemma 3.1, we see that
Ã2 Ã ðZ=4ZÞ:
4.2 Example: the graph of groups for g F x 0 x 1 x 4 . In this case the corresponding graph of groups is illustrated in Figure 6 . This may be verified as before, and the notation used for the vertices is the same. For example, the vertex labelled ½2; 3; 5 is the image of a vertex of T Ã g which is stabilized by an element conjugate to x 2 x 3 x 5 . Computing the fundamental group of this graph of groups gives Other groups for which such computations are possible are those which act regularly on the vertices of a building of typeÃ A 1 ÂÃ A 1 , that is a product of trees. Explicit presentations of such groups are given in [8] . The groups studied in [11] have the property that the centralizer of any non-trivial element is either Z or Z 2 (with both possibilities occurring). 
